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We study the problem of finding exactly marginal deformations of N = 1 superconformal
field theories in four dimensions. We find that the only way a marginal chiral operator
can become not exactly marginal is for it to combine with a conserved current multiplet.
Additionally, we find that the space of exactly marginal deformations, also called the
“conformal manifold,” is the quotient of the space of marginal couplings by the complexified
continuous global symmetry group. This fact explains why exactly marginal deformations
are ubiquitous in N = 1 theories. Our method turns the problem of enumerating exactly
marginal operators into a problem in group theory, and substantially extends and simplifies
the previous analysis by Leigh and Strassler. We also briefly discuss how to apply our
analysis to N = 2 theories in three dimensions.
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1. Introduction
Conformal field theories (CFTs) play a broad role in understanding quantum field
theory and its applications, as they often allow exact results which can be difficult to
obtain in massive theories. In a given CFT, operators are classified as irrelevant, marginal,
or relevant according to their scaling dimensions. Deformations by these operators then
control the renormalization group (RG) flow close to the conformal fixed point. It is
especially interesting to perturb the theory by a marginal operator, since this deformation
preserves conformality at zeroth order. However, since the dimension of the deforming
operator is often itself corrected, we can further subdivide the marginal operators into
those which are marginally relevant, marginally irrelevant, or exactly marginal. In many
cases, it is difficult to tell to which of these three classes a marginal operator belongs. It
is the goal of the present work to explore this question in supersymmetric theories.
When an operator is exactly marginal, one can perturb the CFT without breaking
conformal invariance. This perturbation then gives rise to a family of CFTs near the
original fixed point. If there are multiple such operators, one can then locally think of
the extended family of CFTs as a manifold in the space of couplings. This manifold is
conventionally called the “conformal manifold,” which we denote by Mc. This space has
a natural metric derived by the two point function of the marginal operators [1].
The conformal manifold of two-dimensional CFTs is especially interesting, as it be-
comes the space of vacua when the CFTs are used as the internal part of the worldsheet
CFT of a string theory. As a result, conformal manifolds for two-dimensional theories have
been extensively studied, especially in cases where the theories have N = (2, 2) supersym-
metry.1 In these theories, marginal operators correspond to massless spacetime fields, and
exactly marginal operators lead to the moduli space of vacua.
The conformal manifold of four-dimensional N = 1 superconformal field theories
(SCFTs) was first explored by Leigh and Strassler in [9]. In this work, the authors describe
how the beta functions of gauge and superpotential couplings can be linearly dependent,
and how this dependence implies the existence of exactly marginal operators. With the
advent of the AdS/CFT correspondence, conformal manifolds of boundary CFTs could be
1 An analysis mostly from the two-dimensional point of view was given in [2], while an analysis
from the spacetime point of view was initiated in [3]. Additionally, the geometry of the conformal
manifold was further studied in [4]. These studies led to the understanding of the special geometry
of conformal manifolds of c = 9 N = (2, 2) theories [5–8].
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mapped to the vacua of AdS theories. Simple facts about the vacua of AdS supergravity
then provide insight into the structure of the conformal manifold [10–13]. For example,
we expect the conformal manifold to be not only Ka¨hler,2 but also to arise from a Higgs
mechanism where the bulk vector fields (which correspond to the global symmetries on the
boundary) “eat” some of the bulk scalar fields (which correspond to the deformations of
the boundary theory).
Our aim in this note is to establish the above properties ofMc directly by using only
field-theoretic techniques. As a consequence, our results will be valid for any field theories
with conformal manifolds, even when there is no dual gravity description. In particular,
we show that when a given superconformal field theory with global continuous (non-R)
symmetry group G is deformed by a marginal superpotential W = λiOi (where λ
i are
couplings and Oi are marginal operators), the conformal manifold is given (in some small
but finite neighborhood of the theory with λi = 0) by dividing the space of couplings by
the complexified symmetry group, Mc = {λi}/GC.
The importance of the global continuous symmetry group G is highlighted by the
following fact. Consider the conformal field theory at a point P on Mc (we will refer to
this theory as P), where a particular marginal operator is not exactly marginal. We show
that such an operator is marginally irrelevant at P and that it is irrelevant at generic points
on Mc. More explicitly, as we move away from P and the dimension of this operator is
lifted, the operator can no longer be in a short multiplet. Instead, it is lifted by pairing
with another operator in a short multiplet Ja. This operator Ja is a conserved current
associated with a generator of G which is unbroken at P but is broken elsewhere.
As part of our proof, we will demonstrate that any marginal operator invariant under
the global symmetry group must be exactly marginal. Our analysis also explains why we
often find exactly marginal deformations in N = 1 SCFTs. Some of our statements have
previously appeared in various forms in the literature [11,15-17]. In particular, [11,15]
have conjectured the connection between the exactly marginal operators and the D-term
equations. Our goal here is to provide a rigorous derivation from field theory.
One important aspect of our method is that it does not use the NSVZ beta function [18]
and almost solely relies on the N = 1 superconformal algebra. Therefore, it applies to
any superconformal field theory with or without a Lagrangian description. It also applies
2 Indeed, this has been proven in [14].
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to three-dimensional N = 2 SCFTs, which share most of the multiplet structures of four-
dimensional N = 1 SCFTs.
As in [19], we can promote all the coupling constants to background superfields. The
couplings λi of chiral operators Oi are promoted to background chiral superfields and the
couplings Za of conserved currents Ja are promoted to background vector superfields. Then
we find that at least to leading order around the conformal manifoldMc, the renormaliza-
tion group flow is a gradient flow based on an action on the space of coupling constants.
The symplectic quotient which determines Mc is related to the D-term equations of these
background superfields. A similar picture in terms of an action in the space of coupling
constants is natural in the worldsheet description of string theory and is crucial in the
AdS/CFT correspondence. Here we see that it arises in every N = 1 superconformal
theory.
The outline of the paper is as follows. In Sec. 2, we begin by presenting a general
analysis of the structure of Mc, starting with a brief introduction and setup in Sec. 2.1.
In particular, in Sec. 2.2, we describe Mc as a symplectic quotient; we then relate this
description to the renormalization group flow in Sec. 2.3. When incorporating the free
limit of gauge fields, our argument has a subtlety which we deal with in Sec. 2.4. In
Sec. 2.5, we very briefly describe how to apply our analysis to N = 2 supersymmetry in
three dimensions. In Sec. 3, we give a point-by-point comparison of our method with that
of Leigh and Strassler. In Sec. 4, we discuss five explicit examples which illustrate the
salient features of our methods. Finally, in Sec. 5, we conclude with a short discussion of
future directions.
2. Geometry of the Conformal Manifold
2.1. Setup
Suppose we are given a superconformal theory, which we will call P. P could be
somewhere along a line of fixed points including a free field theory (Fig. 1) or an IR fixed
point of an asymptotically free theory (Fig. 2). The precise nature of the construction of
P can help enumerate operators of this theory, but for our purposes here it is unimportant
how P is obtained.
In this work, we will be interested in supersymmetric deformations of the theory.
Depending on their dimensions these deformations can be relevant, marginal, or irrelevant.
In this work we will only concern ourselves with marginal deformations.
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Fig. 1: P could be along a line of Fig. 2: P could be the IR fixed point
fixed points including a free gauge of a gauge theory, as in N = 1 SQCD.
theory, as in N = 4 SYM.
Using the superconformal algebra, we show in Appendix A that there are only two
kinds of supersymmetric deformations. These deformations can be described as chiral oper-
ators which are integrated over half of superspace or generic operators which are integrated
over all of superspace. We will refer to these two types as superpotential deformations and
Ka¨hler deformations, respectively, in analogy with the terminology used when P is a free
theory. For the superpotential deformations to be marginal, we need chiral primary op-
erators Oi of dimension three. For the Ka¨hler deformations to be marginal, we need real
primary operators Ja of dimension two. Such Ja are conserved currents, satisfying the
conservation equation
D¯2Ja = 0 . (2.1)
Therefore
∫
d4θJa = 0, and thus Ja does not deform the Lagrangian. Hence there are
no marginal Ka¨hler deformations. We will, however, soon see that the set of conserved
currents Ja still plays an important role in determining the structure of the conformal
manifold.
It will be useful for our purposes here to note that at P, two-point functions determine
natural Zamolodchikov metrics gi¯ and γab which can be used to raise and lower indices.
The relevant two-point functions and associated metrics are given by
〈Oi(x)O
†
¯ (0)〉 =
gi¯
|x|6
and 〈Ja(x)Jb(0)〉 =
γab
|x|4
. (2.2)
2.2. Identifying the conformal manifold
We consider deforming P by
W = λiOi (2.3)
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where Oi are chiral operators of dimension three and λ
i are small but finite coefficients.
For now we assume that there are no free gauge fields, because turning on a small gauge
coupling for them does not correspond to a small superpotential deformation. We will
come back to this case in Sec. 2.4. We would like to determine for which λi the theory
remains conformal. Collectively, such exactly marginal directions comprise the conformal
manifold Mc in a neighborhood of P.
It is important that there are no singular terms in the OPE of two chiral operators.
Therefore, we can use a renormalization scheme in which the superpotential (2.3) is not
renormalized. In this scheme, only the Ka¨hler potential can be modified. Since the lowest
dimension operators which can appear in the Ka¨hler potential are the currents Ja, we can
have
L → L+
∫
d4θZa(λ, λ¯;µ)Ja , (2.4)
where µ is the distance cutoff in conformal perturbation theory. Operators of higher
dimension are irrelevant and thus we do not consider them. We should stress that
∫
d4θJa
vanishes at P, but this is no longer the case once the perturbation (2.3) is included. We
will describe this situation in more detail below.
Right away, we note that if there are no such operators Ja in P (that is, if the original
theory has no global continuous non-R symmetries), there can be no renormalization.
In this case, all marginal operators are in fact exactly marginal. This simple result is
illustrative of the power of the argument we employ in this work.
When there are global symmetry currents, the condition for the deformed theory to
be superconformal is that (2.4) is independent of the cutoff
Da(λ, λ¯) ≡ µ
∂
∂µ
Za(λ, λ¯;µ) = 0 . (2.5)
Furthermore, we need to identify deformations related by the global symmetries G because
the resulting conformal field theories are identical. Thus the conformal manifold close to
P is a quotient
Mc = {λ
i|Da = 0}/G . (2.6)
In order to gain further insight into the objects Da in (2.5), we now examine them
in conformal perturbation theory. To lowest non-trivial order Za(λ, λ¯;µ) is determined by
the operator product expansion
Oi(x)O
†
¯ (0) =
gi¯
|x|6
+
T ai¯
|x|4
Ja(0) + · · · (2.7)
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Here gi¯ is the metric in (2.2) and the coefficients T
a
i¯ are a representation of the global
symmetry group (when it is Abelian, T ai¯ = q
i
bγ
abgij¯ , where q
i
b is the charge of the operator
Oi). Equivalently, we can say that
〈Oi(x)O
†
¯ (y)Ja(z)〉 =
γabT
b
i¯
|x− y|4|x− z|2|y − z|2
. (2.8)
This leads to a logarithmic singularity in(∫
d4x d2θλiOi(x)
)(∫
d2θ¯ λ¯¯O†¯ (0)
)
∼
∫
d4θZa(λ, λ¯;µ)Ja(0) . (2.9)
(Note that the identity operator in (2.7) does not contribute to (2.9) and the integral of
Ja is nonzero only at the next order in conformal perturbation theory.) Comparing (2.8)
with (2.9) and (2.5), we identify
Da = 2pi2λi T ai¯ λ¯
¯ + · · · (2.10)
We recognize the leading order expression in (2.10) as the moment map of the global sym-
metry G acting on the space of λi. Higher-order corrections do not affect our conclusions
in the vicinity of P – they only change the value of Da.
Thus far, we have employed a holomorphic renormalization scheme where the only
change in the Lagrangian is the deformation (2.4) of the Ka¨hler potential. We can, how-
ever, usefully rephrase this change as a renormalization group flow of the superpotential
couplings {λi} by using the non-conservation of the current.
The deformation (2.3) in general breaks the global symmetry. In the deformed theory,
we have the equation
D¯2Ja = X
i
aOi where X
i
a = λ
j T ija + · · · . (2.11)
Here, X ia is the vector field on the space of {λ
i} representing the action of Ja, and its
leading order form follows from (2.8). We can therefore rewrite the deformation (2.4) as
the change of λi instead:
λi → λi −
1
2
X iaZ
a . (2.12)
Note that this change is not holomorphic. The beta function of λi is given by
µ
∂
∂µ
λi = −
1
2
X iaD
a . (2.13)
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To leading order, we find
µ
∂
∂µ
λi = −pi2(λjT ija)(λ
lT blm¯λ¯
m¯) + . . . = −(8pi2)−1gi¯
∂
∂λ¯¯
(γabD
aDb) + . . . (2.14)
Note that this flow is a gradient flow generated by γabD
aDb. Since γab is positive definite,
γabD
aDb ≥ 0, with the inequality saturated when Da = 0.
The higher order corrections to (2.14) do not affect our qualitative conclusions. As in
our discussion around (2.4) – (2.6), the only way conformal invariance can break is if Da
is nonzero. Starting with a solution of the leading order equation Da = 0, we can correct
it order by order in a power series in λ to find a solution of the full equations.
Our perturbative computation allows us to explore the vicinity of the locus {λi|Da =
0}. It tells us that all the transverse directions to this locus correspond to (marginally)
irrelevant operators; i.e. {λi|Da = 0} is attractive.3 Said another way, we have shown
that marginal deformations are either exactly marginal or marginally irrelevant, but never
marginally relevant. Additionally, we have discovered that to leading order, the renormal-
ization group flow is a gradient flow.
Finally, the symmetry group G which acts on {λi|Da = 0} does not affect the confor-
mal field theory. Therefore, the space of superconformal field theories is the quotient (2.6)
which can also be written as
Mc = {λ
i}/GC . (2.15)
2.3. Symplectic quotient and renormalization group
We concluded above that the conformal manifold is a symplectic quotient. In this
subsection we give an interpretation of this quotient.
The flow induced by a small deformation W = λiOi leads to an infrared SCFT close
to P; we denote the resulting theory by SCFT[λi]. We now wish to understand the
circumstances under which SCFT[λi] and SCFT[λ′ i] are identical for λi 6= λ′ i. In other
words, we wish to introduce an equivalence relation λi ∼ λ′ i by means of the RG flow.
The conformal manifold is then Mc = {λi}/ ∼. We will soon see that this identification
by the RG flow is the identification by the complexified global symmetry group.
For simplicity, we assume that G = U(1) (the extension to any symmetry group G is
trivial) and that the space of marginal operators is spanned by Oi with charges qi. Consider
3 Recall that typically there are some relevant superpotential deformations which we do not
discuss here.
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the deformation by small but finite W = λiOi, which leads to SCFT[λ
i]. Alternately, we
could deform the theory by W = λieq
i
Oi for some small complex ; the resulting theory
is SCFT[λieq
i
]. We assume that both SCFT[λi] and SCFT[λieq
i
] are not equivalent to
P; if so, we can revert to the perturbative calculation of the previous subsection. The
difference between the two theories to leading order is the operator
δL = 
∫
d2θ
∑
i
qiλiOi + c.c.+O(
2). (2.16)
The U(1) current is broken and satisfies D¯2J =
∑
i q
iλiOi. As a result, ∆[qiλiOi] > 3
because this operator is no longer a primary at SCFT[λi]. Therefore, the two theories
differ by an irrelevant operator, and thus flow to the same infrared theory. The result is
that to describe the conformal manifold, we need to impose identification of the λi under
the action of the complexified symmetry group GC.
We can easily prove the converse; SCFT[λi] and SCFT[λ′ i] are only equivalent when
λi and λ′ i differ by a complexified symmetry transformation. If SCFT[λi] = SCFT[λ′ i] for
very close λi and λ′ i, the theories must differ by a real irrelevant operator whose dimension
is arbitrarily close to 2. For our U(1) case, the only such operator is Ja, and so the λs
must be related by a complexified symmetry transformation.
2.4. With free gauge fields
The analysis so far is not directly applicable when the reference point P contains a free
non-Abelian gauge multiplet Wα. This is because the perturbation in the gauge coupling
g around the free theory is not given by a small addition of a gauge-invariant operator
TrWαW
α to the superpotential. In this section, we describe how to modify our argument
to include this case. Note that the analysis in the previous section already covered the
case in Fig. 2, when the gauge coupling at P is nonzero but small. Here we work directly
at the point on the space of couplings where there are free gauge fields.
Suppose P consists of a free gauge field Wα of the gauge group G, and also a “matter
theory” with flavor symmetry F . The matter theory can be either a theory of free chiral
multiplets, or a strongly coupled SCFT. We gauge a G subgroup of F . Call H the maximal
subgroup of F which commutes with G, so F ⊃ G×H. Note that some part of H can be
anomalously broken by the coupling of the matter theory to G; this fact will be important
for our analysis.
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Let Oi be the set of G-invariant chiral marginal operators of the matter theory, and
let us turn on a small gauge coupling and also a small superpotential
W = λiOi +
τ
8pii
TrWαW
α. (2.17)
where τ = Θ/2pi + i4pi/g2. We take the holomorphic renormalization scheme so that λi
is unchanged, while τ runs only at one loop. We can further assume that the two-point
function of the current of G of the matter theory is such that there is no one-loop running
of τ ; otherwise, we are in the situation of Fig. 2.
As in (2.4), quantum effects change the Ka¨hler potential. Gauge invariance dictates
that Ja are currents of H. We can now follow the previous argument almost verbatim,
by replacing the set of couplings {λi} by {τ, λi}. Again, it is important to remember
that the anomalous part of H acts not only on λi but also on τ . We conclude that
Mc = {τ, λi}/HC.
We can check this general analysis by a perturbative calculation in λi and g. This
calculation is standard perturbation theory when the matter theory is a theory of free
chiral multiplets; if not, it is a mixture of weak gauging of a flavor symmetry of a strongly
coupled sector as in [20,21] and conformal perturbation theory. We find
Da = 2pi2λiT ai¯λ¯
¯ − kag2 + . . . = 2pi2λiT ai¯λ¯
¯ − ka4pi(Im τ)−1 + . . . (2.18)
Here, ka is determined by the three-point function
〈JaJAJB〉 =
kaγAB
|x− y|2|x− z|2|y − z|2
, (2.19)
where Ja is the current of H and JA,B are the currents of G. The coefficient ka also enters
in the anomalous conservation of the current Ja via
D¯2Ja = λ
iT jiaOj + ka TrWαW
α . (2.20)
Note that at weak coupling 〈TrWW (x) TrWW (0)〉 ∼ (Im τ)−2/|x|6. Therefore it is
natural to introduce the metric gτ τ¯ ∼ (Im τ)−2 on the space of τ . Then it is easy to see
that ka(Im τ)−1 is the moment map for the anomalous shift τ → τ + ka, and Da above is
the total moment map acting on the space of {τ, λi}. Equivalently, this statement means
that e2piiτ has charge ka under the anomalous symmetry [22].
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Using (2.20), we can again rewrite ZaJa as a non-holomorphic change of the super-
potential, and obtain
µ
∂
∂µ
λi = −
1
2
(λjT ij a)D
a = −(8pi2)−1gi¯
∂
∂λ¯¯
(γabD
aDb) + . . .
µ
∂
∂µ
τ = −i4pikaD
a = −gτ τ¯
∂
∂τ¯
(γabD
aDb) + . . .
(2.21)
Note that this is again a gradient flow generated by γabD
aDb. Therefore, up to this order,
we identify the conformal manifold as Mc = {τ, λ
i}/HC.
It is instructive to compare this general analysis to the standard case of gauge theories
with vanishing one-loop beta functions [23]. Consider a gauge multiplet of group G coupled
to matter fields Qa transforming in ra, such that 3 t(adj) =
∑
a t(ra), where t(r) is the
quadratic Casimir of r. For simplicity let us further take λi = 0. It is well-known that
(µ∂/∂µ)(1/g2) ∼ g2
∑
a t(ra)
2/|ra|. This is in accord with (2.21). Indeed, we have one
anomalous U(1) current Ja = Q
†
aQa for each irreducible multiplet ra. In this normalization,
we have γab = |ra|δab and ka = t(ra).
2.5. N = 2 supersymmetry in three dimensions
Our analysis is readily generalizable to N = 2 superconformal theories in three dimen-
sions, because the structure of the multiplets is quite similar to that of the four-dimensional
N = 1 case. The existence of the conformal manifold in N = 2 Chern-Simons-matter the-
ories was found in [24-27] by an explicit calculation and an all-orders argument for weakly-
coupled theories was given in [28]. Here we extend the analysis to the strongly-coupled
case.4
In three dimensions, the marginal superpotential deformation is given by dimension-
two chiral primary operators Oi. The real primary operators saturate the unitarity bound
when they are conserved [30], and then their dimension is one. The analysis in four
dimensions can then be carried over to the three-dimensional case almost verbatim, by
appropriately changing the dimensions. Therefore we again conclude that the conformal
manifold close to a given P is given by
Mc = {λ
i|Da = 0}/G = {λi}/GC. (2.22)
This result could find some applications to the analysis of the theory of M2-branes at the
tip of a Calabi-Yau cone.
Although we will not work out the details here, we point out that our analysis can
also be extended to N = (2, 2) superconformal theories in two dimensions.
4 See also [29] and Sec. 5 of [11] for early works in this direction.
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3. Comparison with the Analysis of Leigh and Strassler
Having presented our analysis, let us compare it to the classic analysis of exactly
marginal deformations presented by Leigh and Strassler [9]. Their algorithm for determin-
ing Mc can be summarized as follows:
LS1. List all marginal superpotential couplings λ and gauge couplings τ . Take the total
number of these complex couplings to be n.
LS2. Write down the beta functions for the above couplings. For superpotential couplings,
these beta functions are linear combinations of the anomalous dimensions of elemen-
tary fields. For gauge couplings, use the NSVZ beta function [18], which can also be
written in terms of anomalous dimensions.
LS3. Find how many of the beta functions are independent; take the total number of
independent conditions to be k.
LS4. Find how many phase rotations of λ and anomalous shifts of τ there are. In practice,
one finds by a case-by-case analysis that there are also k of them.
LS5. One concludes that there are at most n − k exactly marginal deformations, because
there are 2n real coefficients to start with, k real conditions from the beta functions,
and k phases to remove. To determine the precise dimensionality, one must find a
point on the manifold where the zeros of the beta functions can be found explicitly.
To compare with our method, it is instructive to note that when P is the infrared
limit of a standard gauge theory, the quantities Da we used in our discussion are basically
the anomalous dimensions of elementary fields. More explicitly, every elementary chiral
superfield Q in a given representation of the gauge group is associated with a current
J = Q†Q. Then the term
∫
d4θZJ is the wavefunction renormalization of Q, and D =
µ(∂/∂µ)Z is its anomalous dimension. The relations (2.21) are related to the standard
expressions for the beta functions in terms of anomalous dimensions.
Now let us compare the two methods point by point. We do not differ at LS1. In (2.4),
we identified the possible form of the renormalization; this step corresponds to LS3. We
learned that the independent conditions are associated to broken global symmetry currents.
We used this fact to express all of the beta functions as in (2.21), thus reproducing LS2.
Then, corresponding to LS4, we divided by broken global symmetries. We described why
the number of independent conditions and the number of removable phases are generically
the same. This fact allowed us to present the conformal manifold as a symplectic quotient.
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This step includes LS5, but also provides an algorithm for determining the dimensionality
and structure of the manifold at any fixed point.
The main advantage of our technique is that we do not need to refer to the NSVZ
beta function. This freedom allows us to address inherently strongly coupled theories.
In particular, our analysis applies to deformations of a generic P without a known UV
Lagrangian description. A related fact is that it is possible to use our approach also in three
dimensions. Finally, the identification of the coset structure (2.15) allows us to compute
some quantities simply by group-theoretic techniques. For example, to find the dimension
of Mc we just need to find all the (independent) regular holomorphic symmetry-invariant
combinations of λi. Some examples of this procedure are given in the next section.
4. Some Examples
In this section we consider various examples which highlight the underlying physics
of our proof and demonstrate the utility of our result.
4.1. Wess-Zumino models
First, consider a theory of a single free chiral superfield Φ. The free field point has a
global U(1) symmetry and conserved current Φ†Φ. The only marginal operator is Φ3. If we
deform the theory by the superpotentialW = λΦ3, the U(1) symmetry is broken. Because
the symmetry is broken, there is a beta function for λ, so λ must be irrelevant. In more
conventional language, λΦ3 is not exactly marginal due to wavefunction renormalization
which causes λ to be irrelevant. Of course, at free fixed points, the kinetic terms Φ†Φ are
in the same multiplet as a conserved current and so wavefunction renormalization is just
one example of current conservation being violated by interactions.
In the language of symplectic quotients, there are no U(1)-invariant holomorphic ob-
jects that can be constructed out of this single coupling and thus there are no exactly
marginal operators. The only marginal operator must by marginally irrelevant.
A slight generalization of this example is also illuminating. Let P be a free theory of
N chiral superfields Φi. This theory has N(N + 1)(N + 2)/6 marginal operators ΦiΦjΦk
and the global symmetry is U(N). The N2 D-term equations are powerful enough to make
all the O(N3) marginal operators marginally irrelevant – none of them is exactly marginal.
To see this, note that the D-term equation for U(1) ⊂ U(N) which rotates all the chiral
superfields by a common phase cannot be satisfied.
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4.2. SU(3) with nine flavors
Next, let us consider one of the original examples of Leigh and Strassler [9], Nc = 3
gauge theory with Nf = 9 flavors, perturbed by the superpotential
W = τ TrWαWα + y[Q
1Q2Q3 +Q4Q5Q6 +Q7Q8Q9 + (Q↔ Q˜)] . (4.1)
This SCFT is of the form pictured in Figure 1. From the point of view of Leigh
and Strassler, this superpotential was carefully chosen so that there is a single anomalous
dimension for all the Q’s and the beta function for the gauge coupling βg ∝ βy = 3γQ.
Because there is only one independent equation for two couplings, and we can remove
one phase, we get a one-dimensional manifold parameterized by y. Mc is continuously
connected to the free theory of gauge and quark superfields.
Our method allows us to work with a more general superpotential
W = τ TrWαWα + λ
abcijkQ
i
aQ
j
bQ
k
c + λ˜
a˜b˜c˜lmnQ˜
l
a˜Q˜
m
b˜
Q˜nc˜ (4.2)
where a, . . . and a˜, . . . are flavor indices under the SU(9) × SU(9) flavor symmetry, and
i, . . . , n are SU(3) gauge indices. λabc (λ˜d˜e˜f˜ ) transforms in the three-index antisymmetric
representation of the first (second) SU(9).
We can either consider (4.2) as the deformation of the free theory or a deformation
of the SCFT at finite τ and y of [9]. In terms of Fig. 1 we expand either around the free
point or around P.
In the first method, we take the theory of free SU(9) gauge fields and Nf = 9 quarks,
and consider the superpotential (4.2). At the free limit the global symmetry is U(9)×U(9).
We consider the space of {λabc, λ˜a˜b˜c˜, τ} which has complex dimension 2×84+1 = 169. Of
the U(9)×U(9) symmetry, one linear combination of two U(1)’s is anomalously broken by
coupling to the gauge field, although in any case both U(1) are broken by non-zero λ and
λ˜. We then check that we can turn on λ and λ˜, which completely breaks SU(9)× SU(9)
while preserving the “D-flatness condition.” We conclude that all the 162 generators of
U(9) × U(9) are broken. Therefore, we find Mc has complex dimension 169 − 162 = 7.
The one-dimensional manifold of Leigh and Strassler is embedded in Mc.
We can also use the second method and expand around a point with generic τ and
y. Here the SU(9) symmetry acting on Qa is broken to SU(3)
3 and similarly for Q˜a˜. At
this point most of the operators of the form (4.2) are irrelevant. To see that, note that the
currents of the broken global symmetry generators of U(9)×U(9)/SU(3)6 are paired with
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chiral operators and become irrelevant. The remaining marginal couplings are y in (4.1)
and the SU(3)3 × SU(3)3 breaking marginal operators are λabcQaQbQc with a = 1, 2, 3,
b = 4, 5, 6 and c = 7, 8, 9, and similarly for λ˜a˜b˜c˜. These provide 54 additional marginal
operators. We can break all of SU(3)3 × SU(3)3 preserving the “D-flatness condition.”
Therefore, we have 54−48 = 6 additional exactly marginal operators andMc has complex
dimension 6 + 1 = 7.
This example should highlight the major advantage of our methods over the methods
of [9]. Had we followed Leigh and Strassler, we would have been forced to analyze all
169 beta functions to determine that only 162 were linearly independent. From analyzing
the beta functions directly, one might be led to believe that what makes the manifold
possible is the high degree of symmetry of the theory. In some sense, the opposite is true.
The global symmetry of our original fixed point is the only thing that prevents marginal
operators from being exactly marginal. Furthermore, at generic points on the conformal
manifold, there is no global symmetry and the superpotential does not have any symmetric
form.
4.3. SQCD in the conformal window
Our next example is the infrared limit of the N = 1 SU(N) theory with Nf quarks
Q, Q˜, when 3Nc/2 < Nf < 3Nc. This is known to be an interacting superconformal
theory [31], which we take as P. The situation is as in Fig. 2.
To study its deformation, we need to list marginal chiral operators. This can be done
by studying what happens to the operators of the UV Lagrangian description. For general
Nf , there are no chiral marginal operators; TrW
αWα is not a chiral primary operator in
P. There are no marginal gauge-invariant chiral primaries constructed out of Q and Q˜
either.
However, in the special case Nf = 2Nc, the operator O
ij
k˜l˜
= (QiQ˜k˜)(Q
jQ˜l˜) is marginal
at P. We can therefore deform it by
W = λk˜l˜ijO
ij
k˜l˜
. (4.3)
The couplings λk˜l˜ij transform under the flavor symmetry SU(Nf )
2; the pairs i, j and k˜, l˜
are either both symmetric or both anti-symmetric. Therefore there are in total [Nf (Nf +
1)/2]2 + [Nf (Nf − 1)/2]
2 = N2f (N
2
f + 1)/2 marginal operators. (Note that the baryon
number U(1) symmetry is not broken by these deformations.)
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The analysis of the D-flat conditions is best done, as in the previous example, in two
steps. Consider first the special choice [9] λk˜l˜ij ∝ δ
k˜
i δ
l˜
j . It is easy to see that this is a D-flat
direction which breaks the symmetry to the diagonal SU(Nf ). N
2
f − 1 of the operators
in (4.3) are lifted and are no longer marginal. The remaining marginal operators can be
classified according to the remaining SU(Nf ) symmetry. Then it is again easy to find
D-flat directions which completely break this symmetry.
We conclude that the quotient by complexified SU(Nf )
2 flavor symmetry removes
2N2f − 2 directions leaving many (order N
4
f /2) exactly marginal directions.
4.4. Conifold theory
As another example, let us consider the conifold theory [32]. The situation is again
as in Fig. 2. We start from an SU(N) × SU(N) gauge theory with two vector-like pairs
of bifundamentals Aa, Ba˙, where a, a˙ run over the SU(2)× SU(2) flavor indices. We take
the gauge couplings g1, g2 of the two SU(N) groups to be the same and add to this theory
the superpotential [32]
WKW = λKW
aba˙b˙ Tr(AaBa˙AbBb˙) . (4.4)
This theory flows to a conformal fixed point in the IR with an unbroken SU(2) ×
SU(2)× U(1) global symmetry, which we take to be the reference point P.
Marginal chiral operators which preserve SU(2)×SU(2) areWKW and TrWα(1)Wα(1)−
TrWα(2)Wα(2). The other combination of gauge kinetic terms is not chiral primary because
of the anomaly. Therefore the part of Mc which does not break SU(2) × SU(2) is of
complex dimension two.
We also have marginal operators O(ab),(a˙b˙) = Tr(AaBa˙AbBb˙) which break SU(2) ×
SU(2). The trace requires that the coupling is symmetric separately in the dotted and
undotted indices (denoted by the brackets). This coupling transforms in the (3, 3) repre-
sentation of the SU(2) × SU(2) but is invariant under U(1) baryon symmetry. We can
deform P by adding these to the superpotential [33]
W =WKW + λ
(ab),(a˙b˙)O(ab),(a˙b˙) . (4.5)
For generic values of λ, the unbroken global continuous symmetry is U(1).
Using our general result, this case is also easy to understand. We have 11 marginal
operators. These deformations completely break SU(2)×SU(2). Thus we haveMc which
is of complex dimension 11 − 6 = 5. This same result was found in [33] using the Leigh-
Strassler method.
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4.5. E6 theory
Now let us consider an example whose analysis is impossible using the Leigh-Strassler
method. Minahan and Nemeschansky studied an interesting N = 2 superconformal field
theory with E6 symmetry [34]. (A Lagrangian description of this theory was recently
found in [20].) This theory has one dimension-three chiral primary u parameterizing the
Coulomb branch, and 78 dimension-two chiral primaries X transforming in the adjoint of
E6 parameterizing the Higgs branch. Therefore the operator u is marginal. As we now
describe, it is however not exactly marginal.
The reason is as follows. The N = 2 superconformal algebra has R-symmetry
SU(2)R×U(1)R. Denote the generators of these groups by Ia=1,2,3 and RN=2, respectively.
The generator of the U(1)R symmetry of the N = 1 subalgebra is RN=2/3 + 4I3/3, and
another linear combination J = RN=2 − 2I3 becomes a non-R flavor symmetry from the
point of view of N = 1 theory. u is charged under this J . Therefore u becomes marginally
irrelevant.
5. Conclusions
In this note, we found that the space of exactly marginal operators of an N = 1
SCFT is given by the quotient of the space of marginal couplings by the complexified
global symmetry GC. Additionally, we described a few examples where this description
gives a streamlined way to count the number of exactly marginal couplings. We now
conclude by considering a few possible future directions.
First, we note that our method provides a convenient way to study the conformal man-
ifold of any four-dimensional N = 1 SCFTs, and opens the door to understanding many
new SCFTs. It can also be extended to three-dimensional N = 2 and two-dimensional
N = (2, 2) superconformal theories.
Second, it might be interesting to see if we can show that the renormalization group
is a gradient flow to all orders in a particular renormalization scheme. That the RG
flow is a gradient flow in two dimensions has been known for a long time. There have
been efforts to extend this statement to four-dimensional N = 1 theories, e.g. [35,36]. It
is also known that under AdS/CFT, the holographic renormalization group is driven by
a gradient flow, as in e.g. [37]. In standard worldsheet string theory and in AdS/CFT
there is a clear dictionary between the properties of the CFT and the target space. The
gradient flow is determined by an action in the space of coupling constants of the CFT.
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Our analysis, which is more general, also points in the direction of such an effective action
in the space of coupling constants. Around (2.14) we have discussed this effective action
as a function of the couplings λi. We can view this action as arising from integrating out
the auxiliary D-terms of the gauge multiplets Za. Alternatively, we can write an action
which depends on Za. It includes a Ka¨hler potential which depends on λi, λ¯i¯, and Za,
and a term
∫
d2θγabW
a
α(Z)W
bα(Z), where W aα(Z) is the field strength of the gauge field
Z.
It would be nice to understand this action in more detail and to see where else such
an action is present.
Finally, one might hope to find the Zamolodchikov metric on the conformal manifold,
instead of just the structure as a complex manifold. This metric is known to be Ka¨hler [14],
but there might also be additional structure, as was the case in two-dimensional N = (2, 2)
supersymmetry [5–8] and as was recently argued in four-dimensional N = 2 theories [38].
We hope to come back to these matters in the future.
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Appendix A. Classification of Supersymmetric Deformations
In this appendix we classify possible terms which can be added to the Lagrangian of a
superconformal field theory. We will find that the only possible deformations are those of
the superpotential and the Ka¨hler potential, as is usually assumed. Furthermore, Ka¨hler
deformations turn out to be always irrelevant.
As a preliminary we first review some properties of the representations of the d = 4,
N = 1 superconformal algebra following [39,40]5. A primary operator is characterized by
its left and right spin j, ˜ with indices α and α˙ respectively, and by its U(1)R charge r
5 Also see [30,41] and Appendix B of [37].
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and the dimension d. Positivity of the norm of its descendants leads to unitarity bounds.
Important ones are as follows:
for ˜ = 0, [Q†α˙,Oj,˜=0,r}| 1
2
leads to d ≥ 3
2
r , (A.1)
for j = 0, [Qα,Oj=0,˜,r}| 1
2
leads to d ≥ −32r , (A.2)
for ˜ > 0, [Q†α˙,Oj,˜,r}|˜− 1
2
leads to d ≥ 3
2
r + 2 + 2˜ , (A.3)
for j > 0, [Qα,Oj,˜,r}|j− 1
2
leads to d ≥ −32r + 2 + 2j (A.4)
Here [...} denotes either a commutator or an anticommutator and ...|˜+ 1
2
denotes that
the indices are contracted to this spin. The operatorsOj,˜,r are only assumed to be primary
and are otherwise generic.
If ˜ = 0 and the operator in (A.1) does not vanish, we should also study
[Q†, [Q†,Oj,˜=0,r}} (A.5)
whose positivity leads to
d ≥
3
2
r + 2 . (A.6)
Similarly, if j = 0 and the operator (A.2) does not vanish, we should also study
[Q, [Q,Oj=0,˜,r}} (A.7)
which leads to
d ≥ −
3
2
r + 2. (A.8)
Each inequality is saturated when the corresponding descendant vanishes; the descen-
dant is a null vector. In particular, if (A.1) vanishes, the operator is called chiral. If
(A.2) vanishes, the operator is called antichiral. If (A.3) or (A.5) vanishes the operator is
called left semi-conserved and if (A.4) or (A.7) vanishes it is called right semi-conserved.
Operators which are both left and right semi-conserved are called conserved. They satisfy
d = 2 + j + ˜ and r = 2
3
(j − ˜).
The inequalities above guarantee that all other descendants, e.g.
[Q†α˙,Oj,˜,r}˜+ 1
2
for ˜ > 0 (A.9)
do not lead to additional constraints, and in particular, they cannot vanish.
Now we examine the possible supersymmetric operators which can deform the La-
grangian. Imposing Lorentz invariance, the candidate operators are
O0 (A.10)
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{Q, [Q,O1]} (A.11)
{Q†, [Q†, {Q, [Q,O2]}]} (A.12)
{Qα, Uα} (A.13)
Q†α˙, [Qα, Yαα˙]} (A.14)
{Q†, [Q†, {Qα, Zα}]} (A.15)
and their complex conjugates. Without loss of generality we can take the operators O0,
O1, O2, Uα, Yαα˙ and Zα to be primary operators. Note that the order of the supersym-
metry generators in the multiple commutators does not matter – changing it adds to the
Lagrangian a total derivative.
Let us impose supersymmetry invariance. It is important that the only facts we
can use are the null vectors mentioned above; i.e. the vanishing of some operators of the
form (A.1) – (A.7).
Supersymmetry invariance of O0 requires that it be annihilated both by Q and by Q†,
and hence it must be the identity operator. This changes the vacuum energy but does not
affect the dynamics of the theory. Hence this case can be ignored.
Supersymmetry invariance of O1 requires that it be chiral and this is the standard
superpotential deformation.
The operator derived from O2 is not constrained by supersymmetry; this is the stan-
dard Ka¨hler deformation. However, if we want it to be nontrivial, none of the null vectors
discussed above are present. In particular, it cannot be chiral and it cannot be semi-
conserved. This means that d > 32 |r|+ 2 and hence it is an irrelevant operator.
For Uα, the invariance of (A.13) under Q means that
[Qβ, {Q
α, Uα}] = ∂µ(· · ·). (A.16)
However, none of the null vector conditions above leads to this condition with a non-
zero total derivative. Since Uα has j =
1
2 , we must use (A.4) , but this means that the
operator (A.13) itself vanishes. Hence such an operator should not be counted among the
deformations of the Lagrangian.
Similarly, for Yαα˙ and Zα, invariance of (A.14) or (A.15) under Q requires the use
of (A.4) , which makes (A.14) and (A.15) themselves to vanish. Therefore, operators Uα,
Yαα˙ and Zα do not lead to independent deformations.
We conclude that {Qα, [Qα,O1]} is the only possible marginal or relevant deformation
of a unitary SCFT.
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